Abstract-This letter proposes a new method for designing finite-impulse response (FIR) filters with variable characteristics. The impulse response of the variable digital filter (VDF) is parameterized as a linear combination of functions in the spectral or tuning parameters. Using the least square objective function, the optimal solution is obtained by solving a system of linear equations. Design results show that this method is simple and effective in designing FIR VDF with good frequency characteristics. Furthermore, by using piecewise polynomial, instead of ordinary polynomial, more complicated frequency characteristics, or larger tuning range can be approximated.
I. INTRODUCTION
V ARIABLE digital filters (VDFs) are digital filters with controllable spectral characteristics such as variable cutoff frequency response, adjustable passband width, controllable fractional delay, etc. They found applications in different areas of signal processing and communications, e.g., fractional delay digital filters for timing adjustment in digital receivers. Methods for designing variable digital filters can broadly be classified into two categories: transformation [1] , [2] , and spectral parameter approximation [4] - [6] , [8] - [10] methods. In the former, a prototype filter with certain desirable frequency characteristics is first designed. Certain transformation such as the allpass transformation method [3] is then applied to the prototype filter to obtain the final VDF. In general, transformation method is applicable to VDF with variable cutoff frequencies, but not general variable characteristics say variable fractional delay. The spectral parameter approximation method is more general in that it assumes that either the impulse responses [4] or the poles and zeros [7] , [9] of the filters are polynomials of certain spectral parameters. The coefficients of the polynomials are then determined to provide continuous tuning of the VDF by the spectral parameters. The spectral parameter method was proposed by Zarour and Fahmy [7] , where the poles and zeros of an infinite-impulse response (IIR) filter are assumed to be polynomials of the spectral or tuning parameters. Most of the works on VDF reported are focused on the design of IIR VDF (see [4] and [9] and references therein), and methods for guaranteeing their stability [9] . More recently, the design of one-dimensional [9] and two-dimensional (2-D) [ [5] . This letter generalizes this concept by using a linear combination of basis functions, which can be more general functions than just polynomials. It is shown that the optimal LS solution can also be obtained by solving a system of linear equations. This differs from the weighted least squares approach in [9] and [10] in that 1) no discretization of the tuning and frequency variables are used, which helps to reduce the design complexity by means of closed-form formulas; 2) the approximation function is assumed to be a linear combination of basis functions. Without loss of generality, a tunable filter using a piecewise polynomial is used as an example. Design results show the LS formulation yields tunable FIR VDF with good frequency characteristics and the piecewise polynomial-based VDF offers larger tuning range than ordinary polynomial-based approach. This letter is organized as follows. In Section II, the proposed least squares design method is described. Two design examples are then given in Section III. Conclusions of this work are drawn in Section IV.
II. PROPOSED LS DESIGN METHOD
The impulse response of the variable FIR filter under consideration is assumed to be a linear combination of some functions of the spectral parameters , i.e.,
where is the coefficient of expansion. The functions can be chosen as an orthonormal basis or other functions, depending on the application at hand. Our objective is to determine given so that the frequency response of will approximate some desirable variable frequency response as a function of , the tuning parameter vector (e.g., delay, etc.). First of all, let us consider the -transform of the VDF as follows (2) Interchanging the order of summation, (2) can be rewritten as (3) 1070-9908/04$20.00 © 2004 IEEE This suggests the general structure for its implementation as shown in Fig. 1 . It can also be viewed as a generalization of the Farrow structure for implementing fractional delay digital filter where is approximated by a polynomial in the delay parameter , i.e., . If is the desired frequency response, the approximation error is (4) It can be seen that is a linear function of the expansion coefficients
. The error cost function of will therefore be a quadratic function of , which has a unique minimum characterized by a system of linear equation. More precisely, the error cost function of is given by (5) where is a positive weighting function used to control the amount of approximation error in the frequency and the tuning space. The set is the frequency support over which is to be approximated. For example, it can be the passband and stopband ripples of a variable cutoff digital filter. Similarly, the set is the parameter space over which the spectral parameter vector is to be varied. To simplify notation, letting and in (2), one gets (6) where with and . Substituting (5) into (4) and simplifying gives (7) where Re and Differentiating (7) with respect to and setting the derivatives to zero, one gets the following system of linear equation and the optimal LS solution, As an illustration, let us consider the design of a lowpass FIR filter with variable cutoff frequency. The passband cutoff frequencies and the stopband cutoff frequency are assumed to vary linearly with as shown in the following:
Therefore, the frequency support of the filter and the desired response are respectively (10) and (11) where is the group delay which is a constant. If is approximated by a polynomial, then the function is just . Putting the weighting function into (7) where , and . Equations (12) and (13) can readily be calculated by the reduction formula or in general numericalintegration.The optimalweightedleastsquaresolution can then be calculated from (8) . The design of other variable digital filters such as variable bandpass filters and 2-D VDFs can be derived similarly. We now consider some design examples.
III. DESIGN EXAMPLES
Example 1: A lowpass tunable filter with frequency characteristics governed by (9) to (10) is designed with the following , . This is identical to the variable multiplierless tunable lowpass filter considered in [5] , for the sake of comparison. Fig. 2(a) and (b) show, respectively, the frequency responses at ten equally spaced points of between 0 and 1 and its three-dimensional plot as a function of and . Its 2-D contour plot is shown in Fig. 3(a) . It can be seen that although the tunable range is rather large, the overall stopband attenuation is still very high over the entire tuning range. The worst case stopband attenuation of this filter is 42.885 dB, which is roughly equal to 43.03 dB that was obtained in [5] . The latter is obtained by designing a large numbers of FIR filters at a dense grid of using the Remez exchange algorithm and a minimax criterion. The coefficients of the polynomials are then obtained by interpolating followed by a random search for their canonical signed digit (CSD) representation. At higher frequencies, the stopband attenuation of the proposed LS tunable filter rolls off more quickly due to the use of the least squares objective function. This demonstrates the usefulness of the proposed approach and its simple design using the closed-form formula. in the extended tuning range is approximated by another polynomial when varies from 1 to 2. Only one of these two structures will be active at the same time, depending on the tuning range. For simplicity, we do not impose smoothing constraints between this piecewise polynomial. In other words, they can be designed separately using the proposed method in Section II. Fig. 3(b) shows the VDF in the extended tuning range, which demonstrates the usefulness of the piecewise polynomial approach in extending the tuning range of the VDF.
IV. CONCLUSION
A new method for designing FIR filters with variable characteristics is presented. It parameterizes the impulse response of the variable digital filter as a linear combination of functions in the spectral or tuning parameters. This allows closed-form optimal least squares solution to be obtained by solving a system of linear equations. Design results show the LS formulation yields tunable FIR VDF with good frequency characteristics and the piecewise polynomial-based VDF offers larger tuning range than ordinary polynomial-based approach.
